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Abst rac t - -We prove that solutions of the stationary pure coagulation equation have not less 
than a second-order singularity at zero. Existence of solutions possessing singularity at zero was 
demonstrated in a previous article by the authors. 
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We examine the time-independent stationary Smoluchowski coagulation equation 
/o m f0 1 K(m - ml, ml)c(m - ?T~l)C(ml) dmy - c(m) K(m, ml)c(ml) dml : O, 2 (1) 
with a symmetric nonnegative coagulation kernel K(m, mt) = K(ml, m) where m, mt ~ 0. Here, 
c(m) represents the number of particles having mass m while the coagulation kernel K(m, ml) 
models the rate at which particles of size m coalesce with those of size mt. The time-dependent 
version of this equation describes the evolution of coagulating (merging) particles (see [1]). In a 
previous paper [1], we demonstrated the surprising phenomenon ofexistence of singular stationary 
solutions to (1). A typical representative of this class of solution satisfies the equality 
(2) 1 K(m, ml)c(m)c(ml) = (m q- ml) 3" 
As an example, the bounded continuous coagulation kernel 
v(m)v(ml) where v(m) = { m3' 
K(m, ml) = ( re+m1)3 ,  1, 
leads to the stationary solution 
J" m -3, 0 < m <: 1, 
c07~ ) / 1, m~l .  
0<m_~l ,  
(3) 
m_>l  
(4) 
From (2), we observe that the function K(m, ml)c(m)c(ml) has a singularity of third order. In 
this letter, we prove that all solutions to equation (1) must have a singularity of not less than 
second order. 
Typeset by ~4j~4S-TEX 
17 
18 P .B .  DUBOVSKII AND I. W. STEWART 
Using the symmetric property of coagulation kernels and the notation introduced above, we 
can rewrite (1) as 
/? /0 1 L(m - ml, ml) dral = L(m, ml) din1, (5) 2 
where we define 
L(m, ml) = K(m, ml)c(m)c(ml). (6) 
By a solution to equation (5), we mean a nonnegative symmetric function L(m, ml) which sat- 
isfies (5) and is continuous for all m > 0 (or, equivalently, for ml > 0). 
DEFINITION. The symmetric function L(m, ml) is said to have an n th order singularity at zero 
if, for any continuous nonnegative function f (m) with f(O) = O, 
L(m, f(m)) = O(m-a), as m --* O, (7) 
and 
n ---- sup a, 
I 
where the supremum is taken over ali such functions f. 
In accordance with this definition, the function introduced in (2) has a third-order singularity. 
Actually, if f (m)  = o(m) as m -~ Oi then (m + o(m)) -3 = O(m-3). If, on the other hand, 
m = o(f(m)), then 
(o(f(m)) + f (m)) -3 = O (f(m) -3) < O (m -3) 
and the supremum cannot be achieved. 
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Figure 1. The  areas of integration discussed in the text. 
To obtain an estimate for the order of singularity of a solution to (5), we fix m0 > 0 and 
integrate (5) over the interval [m0/2, m0]. We use Figure 1 for clarity in describing the various 
areas of integration to be used below. The points A, A1,A2 have abscissae mo,mo/2,mo/4, 
respectively. By straightforward manipulations of integrals and using the symmetry of L, we 
obtain 
/AAIB2B L(m, ml )dmdml  = /AA1clcL(m, ml )dmdml ,  (8) 
where AA1CIC is an infinite strip. If we denote the triangles AB1B as &I,A1B2B1 as A2 and 
so on, then from (8), we can obtain inequalities by considering the areas of integration to obtain 
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where we omit the integrands L(m, ml) for convenience. Let us denote by L~, the mean value 
of L in the triangle A,, i  _> 1: 
1/o L, = ~ L(m, ml)dmdml,  (10) 
i 
where S, is the area of the triangle A,, 
S, = m24 - ' .  (11) 
Then we obtain the following inequalities from equations (9)-(11): 
Li+l ~ 4L,, i >_ 1. (12) 
Let (m(i), ml(,)) be a point in the triangle A, at which the continuous function L(m, ml) takes 
the mean value L,. Clearly both re(i) and ml(,) tend to zero as i ~ c~. We can write the values 
m(i) in the form 
(m0 - 
rn(,) = 2,_1 , i > 1, (13) 
where, obviously, ei < mo/2 for all i _> 1. Let l(m) be any continuous function on (0, oo) such 
that l(m(,)) = L, for all i _> 1. Then we obtain from (12), 
From (13), we establish 
l(m(,)) _> 4'-1/(m(1)), i _> 1. (14) 
i= l+ log2(m-°~e i ) .  
\ re(i) 
Noting that the ei are uniformly bounded, inserting the above equality into (14) yields 
These inequalities prove that the function L(m, ml) has a singularity of not less than second-order 
at zero, since we can see that 
L (m¢0,ml(,)) =/(m¢,))  > const, m~.  (15) 
Using (15) and the form given in the definition at equation (7) we can consider f(m(,)) = ml(/). 
Thus, the following assertion has been proved. 
THEOREM. The solution of the stationary coagulation (1) has not less than a second order 
singularity at zero. 
By analogous arguments, the same assertion follows for the stationary pure fragmentation 
equation [1]. 
The results of the above discussion show that a solution of the stationary pure coagulation or 
pure fragmentation equation has not less than a second order singularity at zero. Existence of 
such solutions was proved in [1]. As an attempt o explain the phenomenon, let us consider the 
bounded coagulation kernel (3) with the stationary solution (4). We can see that the stationary 
state is achieved ue to the constant influx of small particles. The amount of small particles is 
infinite and, moreover, this infinity is large enough to ensure the influx of small particles for all 
times greater than zero. Thus, the phenomenon of existence of stationary solutions of the pure 
coagulation (or pure fragmentation) equation takes place due to the influence of a sufficiently large 
"infinity" of small particles. In conclusion, we would like to draw the reader's attention to the fact 
that the phenomenon of the infringement of the mass conservation laws for K(m, ml) = ram1 
[2-5] is due to a different ype of influence at infinity. 
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